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Abstract 

We examine string field algebra which is generated by star product in Witten's 
string field theory including ghost part. We perform calculations using oscilla- 
tor representation consistently. We construct wedge like states in ghost part 
and investigate algebras among them. As a by-product we have obtained some 
solutions of vacuum string field theory. We also discuss some problems about 
identity state. We hope these calculations will be useful for further investigation 
of Witten type string field theory. 



*ikisliimo(§yukawa.kyoto-u. ac.jp 



1 Introduction 



Recently, string field theory has been discussed again in the context of tachyon condensation^ 
and it is important to get exact solutions of it for reasonable discussion. Motivated by 
development of noncommutative field theory, some techniques are discussed especially to 
construct analogy of projectors in matter part of open string field theory with Witten type ★ 
product . String field algebra with respect to the * product has been often discussed only 
in matter part, but to solve equation of motion of Witten type string field theory, we should 
consider ghost part more seriously. It is important to develop some techniques in ghost part 
corresponding to those in matter part and discuss some properties for this purpose. 

In this paper, we expand some techniques of string field algebra which was mainly de- 
veloped in into ghost part by using oscillator representation consistently.|^ We can 
calculate the -k product analogously in be ghost nonzero modes by using some relations 
among Neumann coefficients similar to those in matter part, but we should treat ghost zero 
modes carefully. Differences of formulas between matter part and ghost part come from 
ghost zero modes or the balance of ghost number. As a by product of our formulations, we 
get some classical solutions of vacuum string field theory (VSFT)^ in the Siegel gauge and 
resolve some mystery about identity state in the oscillator language. 

We hope these calculations will be useful to get exact solutions of original Witten's string 
field theory 0] or analyze VSFT thoroughly. 

This paper is organized as follows. In §^ we review constructions of Witten's string 
vertex which gives the definition of * product between string fields and give some useful 
relations among Neumann coefficients which we use very often in later concrete calculations. 
In we investigate algebras among squeezed states. Especially, we define reduced star 
product which simplifies formulas and calculations of the -k product in ghost part. In §^ 
we get solutions of VSFT by using techniques in previous sections and discuss some issues 
about identity state. In §|, we discuss some prospects and future problems. In appendix, 
we collect our conventions and some useful formulas. 



^ For a review of recent works, see [|l| for example. 

^ Although there is half-string formulation which was developed in |3| Q (s) (and references therein) and 
used for concrete calculations of the ★ product in matter part, we do not use it because treatment of zero 
modes in both matter and ghost part is rather subtle. 
For a review, see . 
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2 Witten's string vertex 



Here we review constructions of Witten's 3-string vertex including ghost part, and show 
some relations among Neumann coefficients which we often use for later calculations of the 
-k product in both matter and ghost part. 

There are two ways to construct oscillator representation of Witten's 3-string vertex: one 
is purely algebraic treatment and the other is Neumann function method. Although the 
former has advantage to find relations among Neumann coefficients, there is a little nuisance 
to treat zero modes in ghost part. We relate both techniques by using a construction of 
in which 6-string vertex in matter part leads 3-string vertex in matter and ghost part and 
show some relations between Neumann coefficients including ghost part. 



2.1 Witten's A^-string vertex in matter part 

We can obtain matter A^-string vertex algebraically. We follow the procedure of construction 
in pj. Actually only A = 6 case is necessary for our purpose to define the -k product. 

The connection condition on Witten type A^-string vertex IVat) is 

- A("-^)(7r-a) = 0, P'^''\a) + P'^''~^\'k - a) = 0, < a < = 1, ■ ■ ■ , N. (1) 

Using Fourier transformed coordinate: 

N 



Qk{a) := -^'^u'}J'X^''\a) = Qko + V2'^QknCosna, 
V A , , 

* r=l n=l 

N / oo N 

^ r=l \ n=l / 



= exp ( — ] , (2) 



this connection condition is rewritten as 
Qkicr) = 



i^N^Qki'n -O) f < a < TT 



or 



(l-y,)|Qfc) = (l + n)|P,) = 0, (4) 



where 

/; 

Yi^ = ms I - , ^ , „ . 

N V A 



2Txk\ f 2Txk^ 

Yk = cos ( — — C + sin — — ) Xqj, Cnm = (-l)"<m, n,m>0, 



=^k^Y^ = = = Y_k = CYkC. (5) 
Under the ansatz 

1 ^ 

|^iv)=/^ive^^|0), E^^--Y,4UkA^N-k^ (6) 

fc=i 

where is normahzation constant and using relations of Fourier transformed creation- 
annihilation operators: 

1 ^ 1 ^ 

V V 

V2n V ^ V 2q;' 

^ 2 

<5fcO = -\/2Q;'(Afco — ^-fco); -Pfcn = /-— (^fcO + ^-fco)' [QkO, Pio] = i^k+lfi, (7) 

^ v2q;' 



connection condition is rewritten as equations of matrices: 

(1 - Yk)E{l + Uk) = 0, (1 + Yk)E-\l - Uk) = 0, 

(1 - Y,^)E{1 + Ul) = 0, (1 + Y^)E-\l - Ul) = (8) 

where 

Eqo = —7=., Enm = —i=5n,m, EnO = -^Om = 0, n,m>l. (9) 

V2 V"^ 

Its solution is given by 

Uk = (2 - EYkE-' + E-'YkE){EYkE-^ + E-^YkE)-' 
= (E-'YkE + EYkE-Y\2 - E-'Y^E + EYuE~^), 

Ul ^Uk^ CUkC = U^-k, Ul = 1, t/jv = C. (10) 

Finally, we obtain A^-string vertex as 
\Vn) = //ive^^lO), 

r,s=l r,s=ln,m>0 

TV AT 
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2.2 Neumann coefficients in matter part 



We get relations between usual Neumann coefficients and ' Gross- Jevicki' coefficients by treat- 
ing zero modes carefully.^ 

By using Neumann function method, we can construct vertex which satisfies connection 
condition in the following form expressed using momentum for zero modes: 



r,s=ln.m>l r,s=l n>l r,s=l 

Trr+l,s+l _ Trrs yrs _ ttst (^')\ 
nm nm' nm mn^ \ ) 

where zero mode basis are given by 

\0,p) = |0,p«)|0,p(^))---|0,p(^)), 



p(r)p{r) + v^aMtp(-) _ ^al^^^a^^A |0), b = 2a'. (13) 



From momentum conservation, we can redefine as Vq^ Vq^ + v^. We choose Vq^ for 
simplicity such that 

E (^"')'*K)n = 0, A- := -6^'^ + l-oo ■ (14) 

t,s=l 



To relate coefficients with U^^, we rewrite eq.(|l2|) into the form eq.(|TT]) by performing 
Gaussian integral with respect to momentum. We get the relations between U^^ and V^^: 

Unm = Vnm - VnoA'^Vom, n,m>l, 

Uon = VbA~^Von, n > 1, 

Uoo = b f - [A-t] +^"'- (15) 

V Z^r'.s' \A ) J 

Conversely, we get 

A^-l . . /-rr X , N-1 



J^\^ fc(r~3) l + (^fc)oo _ ^ / 27rfc(r - s) \ 1 + {Uk)oo 

2iV^''^ 1 - ([/,)oo " 2Ar £^ N )l-{U,W 



This was done for TV = 3 case in (Appendix B). 
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f— f i - [Uk)00 



k=l 
N-l 



1 1 k f 1 



where the first hne corresponds to the convention:^ 

N N 



= /^jv ( — — nrr^iv — tvttz: 1 ( — ) • (20) 



(16) 



2K,0=EE^0nnn, E^00=0. (17) 

t=l n>l i,M=l 

We can also rewrite V^^ (n, m > 1) like ?7^^ (n, m > 0) in (|lT]) : 

1 ^ 

= l^E^^^^^'^Ht^/.U, n,m>l, 



fc=i 

{Uk)nm '■= {Uk)nm+ {Uk)nO- TTTT — {Uk)om, k = l,---,N—l, 

J- — WkjoO 

Un := C, 

t/fc = Ul = CUkC = ilN-k, Ul = 1. (18) 
In this convention for Vq^, we can show 

N oo N oo 

^mn^nO — Krio' ^nmVml = ^n,Z<^r,s- (19) 

t=l n=l t=l m=l 

Finally, we get the relation between normalizations of \Vn) '■ 

i Nd 



2.3 From 6-string vertex to 3-string vertex including ghost part 

We can construct 3-string vertex from matter 6-string vertex including ghost part.0 
The connection condition on Witten type 3-string vertex in ghost part is 



c±M(^) + c±(--i)(^_a) = 0, 6±W(a)-6±(''^i)(^-a) =0, 0<fT<|, r = l,2,3, 



(21) 



^ This ambiguity comes from momentum preservation. 
^ We use some results in the reference S. 
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and in matter part are the same as (|1|) in = 3 case. The 3-string vertex which satisfies 
these conditions is given as follows 0: 

r,s=ln.m>l r,s=l n>l r,s=l 



3 

r,s=l n>l,m>0 



|0,p) = |0,p«)|0,p(2))|0,p(3)), 

6«|0,p«) = 0, n>l, c»|0,pW) = 0, m>0, (22) 

where these Neumann coefficients Vj^^, X^f^ are given by using 6-string vertex in matter part 
as follows. In = 6 case in matter part, denoting as 

Ui=:U, U2=:U, Us = -C, U^ = U, U, = U, = C, (23) 

in the notation of § |2.1| , and Neumann coefficients in § |2.2| as V^^^^^, we get the relations : 



^ X-„v^ = (-l)^'+^(y(6)--l/(6)-+3)^^^ 1 ^24) 



where^ 

UMmn = Umn + UmO' fj—U^ri-, Ucmn = Umn + f^mO -^Uon, 171,71 > 1, 

J- — (^00 1 — Uqo 

/OttA 

Um = UI = CUmC, Ug = U^ = CUgC, Ul = 1, U^ = l, a; = exp f — J (25) 
We can show 

3 3 

E E K'/^m = SnmS''', E E ^nl^l^ = ^nm5''\ (26) 
t=l 1>1 t=l 1>1 

which correspond to eq. ( [T^ ) . For the matrices 

Mo := CV'', M± := CV''''^\ Mq := -CX'^ M± := -CX"'^±\ (27) 
where these indices run from m = 1 to cxd, we can show relations : 

CMo = MqC, CM+ = M_C, CMo = MqC, CM+ = M_C, 



^ We denote the matrix (— l)"(5„,m, n, m > 1 as C again which leads to no confusion. 



[Mo, M±] = [M+, M_] = 0, [Mo, M±] = [M+, M_] = 0, 

Mo + M+ + M_ = 1, Mo + M+ + M„ = 1, 

M+M_ = Ml - Mo, M+M_ = Ml - Mo, 

M^ + M^ + m! = 1, Ml + Ml + Ml = l, 

MqM+ + M+M_ + M_Mo = 0, MqM+ + M+M_ + M„Mo = 0, 

Ml-M± = MqM^, MI-M± = MqM^. (28) 

Neumann coefficients which have zero index are given by 

6[i — Uoo) 

yrs [V^^)- + V^^y^^\, = \cO.{^-^^^^ 

3(1 — Uqq) ^ ' 

Especially, ambiguity which caused by redefinitions of V^*^^''on is canceled in the formula of 
X^Q. For these matrices, we can show some relations^ : 

3 oo 3 oo 3 oo 

t=l (=1 i=l Z=l t=l i=l 

3 3 3 3 

3M+-2 3,_ 3M_-2 

°" l + 3Mo °' °" l + 3Mo °' 

X\ = -J^X\ X'l = -^^X'1, X- = (5- + X-)-i— X^J. (30) 
° 1-Mo 1-Mo + ° ^ ^ 

Eqs.([28|)(|30|) are very useful formulas for concrete calculations of the :*r product in the fol- 
lowing sections. 

For completeness we write down 3-string vertex in oscillator representation: 
1^3) = /f^3e^l0), 

^3 = E E ^''uizo^' -EE ^^'^iK'mb'^L 



2 

r,s=ln,m>0 r,s=l n>l,m>0 



We use the vector notation as V^q — {V^Q)n, X^q — 
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= ;U3 



24(27r)3 f l-UooVy (271 



3f>2 V 1 - Wm 
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3' 

|0) = |0)i|0)2|0)3, |0). = |0)m(,)|+)gw, 

= 4'-)cf^|^^)GM, a^:^|0)M(r) = 0, n > (31) 



where \^)g is conformal vacuum. This U'^^ corresponds to (|TT]) of the = 3 case in §|2T 



Note that \V^) has cychc symmetry: 

11^3) :=|1, 2,3) = |2,3,1) = |3,1,2). (32) 

2.4 Reflector and identity state 

In matter part, reflector and identity state correspond to = 2 and = 1 case in § p.l| , but 
these are rather comphcated in ghost part. Here we write down these formulas explicitly in 
both momentum representation and oscillator representation for matter zero mode. 

2.4.1 Reflector 

The reflector IV2) is defined as 

\V,) = |1,2)= [ d'^p^'U'^p^'^S^p^'^ +p^'^)Sib^^^ -b^^^)e^^\0,p^ 



1,(1) 

'■^—n^nmP—m "I" '■^—n^nra'- 
n,m>l n,m>l 

E2 = ^ ^ ^ CnmOjm ^ + ^ ^ {cLnCnmb^—rn ~^ CLnCnmb^—rn)- ("^"^) 

n,m>0 n,m>l 

This is antisymmetric: |1, 2) = — 12, 1). The bra state of the reflector which gives bra state 
from ket state generally is 



(^2! = (1, 2| = y dV'^rfV'^0,p|e^^5'^(p(i) + p^'^)S{ci'^ + ) = {0\e^KcS^ + 4'^ 

n,m>l n,m>l 

E' - ~ a^^^C a(2) - V (c^^^C b^^^ + S^'^C b^^^\ 

n,m>0 n,m>l 

{0,p\ = ,{0,p^%{0,p^% (34) 
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Note that this is symmetric: (1, 2| = (2, 1|. Here we take bra zero mode basis as 



{0,P\ 



|/Q|g-|aoao+v^pao-|pP 



(+|m(0|, g{+\ = g{^\c-i, m(0|4 = 0, n>0, 



(35) 



where g(^| is conformal vacuum. We define normahzation as follows: 

A/(0|0)Af = l, G{+\+)G = G{^\C-lCoCi\n)G = l, (0|0) = 1, {0, p\0, p') = S\p - p') , 



(l,2|2,3) = l3i, hi\A)i = \A);, W\A). 



(36) 



2.4.2 Identity state 



The identity state is defined in M as 



(i)^-©-p(E(-ir(4"i< 

\n>l ^ 



El 



/2i(27r)V^fe^ibo|0,0) = ^ie^^f>_i6o|0), 



n,m>l 



n>2 



-2co ^(-1)'^6_2„ - (ci - c_i) J](-l)"6_(2„+i), 



n>l 



n>l 



n,m>0 



n>2 



-2Co E(-l)"^-2n - (Cl - C_i) E(-l)"^- 



{2n+l), 



n>l 



n>l 



//I = ^i(27r)'^(— j , 6_i6o|0) = |0)M|f^)G. 



The corresponding bra state (or integration of string field) is^ 



:= i2Ct^2|/)2, (/| =ySi(0,0|bie^i =/ii(0|6ie 



|0) 



(37) 



^ Note that this formula coincides with one given by LPP formulation |11 which is based on CFT: 

LPp(/| = /XiA./(0|G(f^|C-lCoCi / ^'^^\\ X! '^riNn 



n>2,m>-l 

1 /■ 



i=±l,0,m>l 



m I J 
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n,m>l ?i>2 

+2co ^(-1)"62„ - (ci - c_i) ^(-l)"62.+i, 

n>l n>l 
n,m>0 n>2 

+2co 5^(-l)"62„ - (ci - c_i) J](-l)"62„+i, (0|6i = m(0|g(^^|. (39) 



n>l n>l 



2.5 Witten's ★ product and identity state 

The Witten's -k product of string field is defined by using 3-string vertex (l2^ ) as 



\AkB), :=2(A|3(S|1,2,3) = (2,4|A)4(3,5|5)5|1,2,3). (40) 

We call \E'id. ^Hdentity" with respect to the * product if A \E'id. = \E'id. -k A = A for any 
string field A. This condition can be rewritten as 3(\E'id.|l, 2, 3) = |1,2) in our notation. We 
can check whether identity state |/) { ^7\j is identity or not by straightforward calculation in 
our oscillator representation: 

3(/|l,2,3) = /ii^3(det(l-Mo))-^det(l-Mo)|l,2)A./|l,2)'G, 

|0)m12, 



|1,2)m = expi- J2 ''n'^Cnmali^A 

\ n,m>0 / 



|1,2)'^ = {l-2[il-Mor'X'l]e)- 

'[(1 - M.r'X'lUb^^'^ - b(^)) - [(1 - Afo)-^(M+bt(i) + M„6t(2))]^ 



\n,m>l / 

r,s=l,2 

-2 ctM(X^'3-X^'3(l-A^o)-'^'J)(l-2[(l-A^o)-'^'Jy~' 



r,s=l,2 

■[(l-Mo)~'C(X3^6i^)+X3^6t(s))]^ 

-(ct«-ct(^))-^Xi^(6«-6i^)), (41) 

1 — Mq 



M.™ = i> ^^z-^-\nz))-\f{z)y+^ (38) 



where the map f{z) is defined in |T2|: f{z) 



2z 



1-z 



7- 



10 



where we use the notation 

oo oo 

[ ]e := J2^-m U [ ]o ■■= J2^-m W+i, bl = 4 = c_„, n>l. (42) 

n=l 

We can rewrite |l,2)'g, as 



n=0 



\l,2y^ = {l-2[{l-Mo)-'X'l],). 

Ll-Mo 1-Mo 1-Mo Jo 



|1,2) 



G 



1 



1- M 
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This shows that the identity state | J) is not identity with respect to -k product although |J) 
is identity if it is restricted only in matter part. 



3 String field algebra 

In this section we examine string field algebra of the -k product between squeezed states in 
both matter and ghost part by using explicit formulas in previous section. 



3.1 Matter part 

In this subsection, we restrict calculations in matter part. We consider only zero momentum 
sector for simplicity. If we include matter zero modes in oscillator representation, we can 
perform similar calculations because relations among Neumann coefficients are the same. 



Note that n,m> (|TT]) in = 3 case of § |2Tl| and V^^ n,m> 1 (|2^) satisfy the same 
relations such as those in (pS]). This algebra was obtained in [Ql^ essentially, but we write 
down string field algebra for comparison with that in ghost part which will be discussed in 
the following subsection. 



3.1.1 Wedge state 

We define squeezed state \nf^) with parameter /3 which correspond to wedge state as : 

\np) := e^-^V) = ^nexp (fia^ - ^a^CT^a^^ |0) 



(44) 
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where \n) is given by the state which is obtained by taking -k product n — 1 times with a 
particular squeezed states |2): 

\n) := {\2)f-\ |2)=/i2e-^'^'^^^»>). (45) 

For simphcity, we take a matrix T2 which satisfies 

CT2 = T2C, = T2, [Mo, T2] = 0, T2 7^ 1. (46) 

then Tn, fin in eq.(|^) are given by 

r(l - TaT)'"-! + (T2 - T)"-i 



T — 

(1 - TaT)"-! + T(T2 - T)"-i 



= /^2(/.rfdet-i(^^^^)) ^^^^( (i-r2T)»-i + T(r2-r)»-0 ' 
Mo = Y3YT^' ^^^^ 

where /if^ is normahzation factor of 3-string vertex in matter part and the matrix T is 
expressed with Mq by solving the quadratic equation : MqT"^ ~ (1 + Md)T + Mq = 0. These 
formulas are obtained by solving recurrence equation with respect to n Note that |2) is 
Fock vacuum |0) if and only if T2 = 0. 

We can show the ★ product formula by calculating straightforwardly : 

\ni3, -k 171/3^) = exp (^-C„^^,„^^J \{n + m- l)/3ipi(„,^)+/32P2(„,„)), (48) 

where 

_ M_ + M+T^ _ M+ + M_r„ ^ _ ^ 

Pl(n,m) — Tf: ; P2{n,m) — 7f^ ) Pl(n,m) — P2(m,n)'^ i 

^ n,m n,m 

_ (1 + T)(l - T)2 (1 - r2T)"+'"-2 + T(T2 - Ty'+"'~^ 

"•"^ ~ 1 - T + T2 ((1 - TsT)"-! + r(T2 - T)"-i)((l - TsT)'"-! + r(T2 - T)™-i) 
= 1 + Mo(r„T^ - T„ - Tm) = Tn^^n- (49) 

We can calculate -k product between states of the form a\ - ■ ■ a\\n) by differentiating eq.(^) 
with parameter /3 and setting /3 = 0. 



3.1.2 Identity and sliver state 

The matter identity state is given by 

\I)m ■■= ///exp {-\a^Ca^^ |0), = det i (1 - Mo) = det i , (50) 

12 



which is "identity" with respect to the * product in matter part: 

3A/(-^|V3)m123 = 34M Afl23 — M12- 



This identity state corresponds to n = 1 case in eqs.(|^)(|3) formally, and eqs.( 
become 



= fiiexp (^(3a^ - ^a^Ca^^ |0) 



and 



1-^/3 * I/3')m 



-Ci 



(/'./3')|/^+^,)m, 

Ci(/3'C,/3C)- 



1 - Mr 







1-M 







respectively. 



The matter sliver state \'E)m is given by 

|S)m := yUoo exp (^-ia^CTat^ |0), fi^ = det ^ (l - T^) 



which is normalized as 



^E)m = |5)m, /if = det ^ ^ 



= det 2(1 -T). 



T + T2 

This means \'E)m is projection in matter part. 

For consistency with T^o = T, suppose (T — T2Y — > 0, (n 00), we can fix ^2 as 

/U2 = det^(l-r2T), 

and we get^° 



/x„ = det 



, fJ.i = Hi, , |/)m = |2)a/ = |cx)). 



We have the ★ product formula corresponding to n, m = cxd in eq.(E8| 



-/3 



10 = ^^|' if T2 = 
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l,n nn C ( Mo(l-T) M_ \ ( 



•T 



Coo(A/3') 2^^'^\l-Afo)(l+T) \^ M+ Mo{l-T))\p' 
M_ + TM+ M+ + TM_ 

Pi = /-, , rr.^,. ^TT. P2 



T 



:i + r)(l-Mo)' (l + T)(l-Mo)^ 

M+ p2 - piT M_ pi - P2T 



{51 



1- Mo 1 - T ' 1 - Mo 1-T 
Here pi,p2 are projection operators: 

Pi = Pi) P2 = P2, Pi + P2 = 1, P1P2 = P2P1 = 0, piC = Cp2. (59) 



We also write down the * product between n = 1 and n = 00 state in eq.(|48|) : 

\Ep ^ V) = exp {-l^'Cj^P'^ - PC^^^^P'^^ |H,+,v.(i+T)). (60) 
3.2 Ghost part 

Here we consider string field algebra in ghost part. If we consider only ghost nonzero mode 
and use the Fock vacuum g(+|, |+)g, we can get some similar formulas to those of matter 
part in previous subsection because Neumann coefficients X^f^, 11,171 > 1 ( ^4] ) satisfy sim- 
ilar relations as (0). But because of ghost zero mode, the -k product formulas are rather 
complicated than those in matter part. We introduce reduced product and get some useful 
formulas and then we consider Witten's -k product formula between ghost squeezed states in 
the Siegel gauge .0 



3.2.1 Reduced product 

We define reduced product -k"^ by 

\A^^B) := 2(^13(^^1^3^123, (^1 := (1^21^), (61) 

where we restrict string fields |A)1S) such that they have no 60, cq modes on the Fock 
vacuum |+). Here we introduced reduced refiector (V7| and reduced 3-string vertex |VJ) 
" We call I*) in the Siegel gauge if bo\^) = 0. 
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which contain no bo,co modes on the vacuum g{+\i I+)g, i-e. they are related with usual 
reflector (|3^ and 3-string vertex (^2]) by 



12 



m = 12(^1(4'^ + ), 11^3)123 = exp - ^ ctMx-6« \V;),,,. (62) 



r,s=l 



This -k^ product satisfles associativity : |(v4*^' B) V C) = {A-k^ [B -k"' C)). In fact we have 
obtained the following formula by straightforward calculation : 

26 312 — 26 (^2n^3'')536|^;) 142 — 26 (^2n^3'^)l46|l^3'') 532 

= (/iS)2det(l-M2)ei^i345|+)^^3^^^ 



s,i=l,3,4,5 

^11 ^ ^33 ^ ^44 ^ ^55 ^ ^13 ^ ^35 ^ ^41 ^ ^54 _ C'M^ 



1 + Mo 1-^0 
A/f 2 ]\/f iC/f 

We deflne ghost squeezed state |ng,r;) with Grassmann odd parameters ^, 7/ which corre- 
sponds to in matter part : 

|n^,,) := e«'''+^'=V)G = /^nexp fo^ + r^c^ + ctCT^fet) \+)g, (64) 



where |n)G is deflned by the state which is obtained by taking the -k^ product n — 1 times 
with a particular ghost squeezed state \2)g '■ 

\n)G = i\2)G)7' , \2)g = exp (^c^Cm^) \+)g. (65) 

We take a matrix T2 which satisfles 

Cf2 = f2C, [Mo,f2] = 0, n^l, (66) 

for simplicity, and then we have obtained formulas for T„, fin, 

-L 7 



[1 - TaT)"-! + T(T2 - T)""! ' 
IJ-n = /^2 iW2/i3 det — -~- det ' 



n-l 



Mo = 2^^. (67) 

1-T + T2 
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by solving the same recurrence equation as that in matter part (^71) . Here fi"^ is normahzation 
factor of reduced 3-string vertex \V^) and T is expressed with Mq as a solution of the 
quadratic equation MqT^ - (1 + Mo)f + Mq = 0. 

For these ghost squeezed states, we have the product formula: 

W,v rn^',,') = exp (-C„,„„„^^,„,) |(n + m - l)5p,(„,„)+e'p,(„,„),,pf(„_„,+Vp^(„„„))' (68) 
where 

Pl(n,m) — ; P2(n,m) — ) t^Pl(n,m) — P2{m,n)'^ i 

^ n,m ^ n,m 

^ _ (1 + r)(i - T)2 (1 - T2r)"+'"-2 + - f 

~ 1 - T + r2 ((1 - TaT)"-! + r(T2 - T)"-i)((l - TaT)'"-! + f'(f'2 - T)"^-i) 

= 1 + Moifnfm - - fm) = f^,n. (69) 



These formulas are similar to those in matter part P8|)(P9|). We can obtain -k^ product be- 
tween the states of the form bl ■ ■ ■ cl\n)G hj differentiating eq.(^) with respect to parameters 
^, 7] and setting them zero. 



3.2.2 Identity and sliver like state 

We consider a particular state If) which was excluded as a candidate for \2)g '■ 

:= exp (ctCfet) 1+)^, = det (l - Mo) = det ( ^~^tf ] . (70) 



This is identity-like state of ghost part, i.e., identity with respect to the -k^' product which 
was introduced in eq.(|6TD because it satisfies the following equation[^ 

3(/1V^3'^)l23 = 34{V,^\n4\V;)l23 = 1^2^12, (71) 

although it is different from the identity state |/) ( pTD in ghost part as : 

|/) = (l) b- (l) \I)M\nG = [b%{bo + 2[b^]s)\I)M\nG, (72) 

where we used the notation of (^21) . Corresponding to ( ^21) in matter part, we consider the 
state of the form 

14,)=/!:^ e xp (^6t + + ctC^t) \+)g, (73) 

Here the ket |VJ) is reduced reflector which was defined in eq.(p3|). Note that i2(V2''|VJ)23 — I31 if we 
consider string fields which have no bo, cq modes on the vacuum g(+|j I+)g- 
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then we have the V product formula between them : 



CM_ CM+ ^ 



This is n = m = 1 case of eq- fpSf ) formally. 



Next we define the sliver-like state in ghost part : 

:= /iooexp (ctCTfot) |+)^, = det'' (l - f 
This state is analogy of projection with respect to the -k"^ product : 

1-f 



1 - T + T2 



/ij = det'^(l-r). 



For formal consistency with the case n = cxd in eqs. (|6^ (|6^) , suppose (T— T2)" —>■ {n 
we fix /i2 as 



fc2 = det-\l-f2f), 



and then we get|3 



Hn = det ^ 



)n~l 
/ 
/ 



, ^ii = fi'i, ,\r)G = \i)g, = \oo)g- 



We have obtained the -k"^ product formula for n,m = 00 case in eq.fpSf) : 

C / Mnfl-T) M_ 



Coo(5,r;;^',V) = (?) ■?') 



Mo(l-T) 

(1 -Mo)(l + T) \ 

C I f pi- P2T \ I 7]^ 



1 - T2 \ p2- piT 



'T 



Pi 



M_ + TM, 



M+ + TM_ 
(l + T)(l-Mo)' '"^ (l + f)(l-Mo)' 
M+ p2 - pif M_ pi - P2T 



Mo(l-T) / V V 



'T 



P2 



1-Mn 1-T 1 - Mn 



1 -T 



13 ^3 = if T2 = 0. 



17 



In this notation, pi, p2 are projection operators : 

Pi = pi, pI = p2; Pi + p2 = 1, P1P2 = P2P1 = 0, Cpi = P2C. (80) 
We also write down the -k^ product between the identity and shver hke states : 

exp ( ^_j,V^ ~ ^'^^ ~ ^'^^ I l^«Pi(l+'f)+e,r?(Pi(l+T))^+r?')' 



C+C'p2{l+T),»y+V{p2{l+T))T'/- 

(81) 



3.2.3 The ★ product in ghost part 

Here we consider Witten's -k product defined by eg. (|40|) in the Siegel gauge. By using the 
reduced product -k^ (0), the -k product ( ^OD in the Siegel gauge can be written rather simply, 
i.e. for 1$) = 6o|0)i 1^) = bolip), where \ip) have no bo,Co modes, their -k product isQ 



V s=l 

= il + boC^X'lM^^i;)+bo J2 2(0n3(^nc(^)^^1l^;)l23. (82) 



s=2,3 



From this formula (^) and eg. (|68D , we have obtained the :*r product between ghost sgueezed 
states ( |64D in the Siegel gauge : 



1 + bo (^c^X'l + (^^C + ^fn^ X'l + (^^'C + X'])j ^ |n^,, me,,') 

J-n,m 1 — ) 

where 

1 - fr,fra 1 - T (1 - fsf )"+'"-2 - (T2 - r)"+'""2 



Tn,m 1 - Mo (1 - r2r)"+'"-2 + T{j2 - T)' 



n+m—2 



(84) 



14 



We supposed that |(/)), 1-0) are Grassmann even as \n)Q in this formula. 
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In particular, for the identity and sliver like states we get some rather simple formulas: 

\bor^bon = \n, 

|6oH^*6oSO = Ibor^boE"^) = IboE'-^boF) = 1 1 + boc^ ^—^X'l ] IS^. (85) 



1-M 







and with parameters ^, r], 

y i — ik/o J- — y 

(86) 



4 Solutions of vacuum string field theory 

We consider equation of motion of VSFT ||^ for an application of techniques which we have 
developed in previous sections. 

The equation of motion of VSFT is given by 

g|^) + 1^*^) = 0, , (87) 
where Q is given by a linear combination of c ghost modes : 

oo 

Q = C0 + Y1 fniCn + i-lTci) = Co + / ■ (C + Cc^). (88) 
n=l 

Here /„s are particular coefficients which we choose appropriately. To solve eq. (p7|) , we set 
the ansatz for solutions in the Siegel gauge as : 

1^) = bo\P)M gn\n)G^ , \P^P)m = \P)m. (89) 

This means that it is factorized into matter and ghost part, matter part is some projector 
and ghost part is some linear combination of ghost squeezed states of the form (Q) with 
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appropriate coefficients Qn for simplicity. In matter part, we can choose \P)m as matter 
identity \I)m or matter sliver state for examplcj^ To solve eq. (|87D , we substitute ( p9D 
and find coefficients gn of |^) and /„ of Q in the same time. 

Noting 

Q\n)G = c^C{l-f^)- f\n)G, (90) 
we have obtained the following solutions. 

1. identity-like solution 

Q = co, \^) = -h\P)M\nG. (91) 



2. sliver-like solution 



Q = c,-{c + c^)-^X^l = -6o|PK/|HV (92) 
i — Mo 

This was constructed in 
3. another solution 

Q = Co - (c + c^)-^X^l m = -bo\P)M{\nG - |HOg). (93) 
i — Mo 

This is a solution for the Q which is the same as the above one. 
The chosen Qs for these solutions consist of even modes of c ghost because 

{X^l)2n+l = 0, (Mo)2n,2m+l = (Mo)2„^+l,2n = (94) 

which are obtained from eqs.(^)(0). Although these Q do not vanish on the identity state 

(/|co=(/|^^(c2„ + 4J^O (95) 

we have obtained 

3(/|cE,'V3)l23 = (96) 

by straightforward calculation. This means that we could use Q which consists of an arbitrary 
linear combination of Cq, (c2n + c\^) for the definition of VSFT in our oscillator formulation 

^■^ If we use half-string formulation [^QjBI, we can choose other projector in matter part. 
This formula is simpler than that in [|l3[ . 
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although it was afraid to be used if 7^ in [0. 



Note that the equation [ p^ j also means 

|(co/)*A) = 0, W\A). (97) 



If we take identity state |/) ([37| ) as \A), this becomes |(co/) * /) = 0. If identity state |/) 
were identity with respect to the -k product, this might show |co/) = 0, but it is inconsistent 
with the fact cq\I) 7^ 0. We can solve this mystery which was referred in |jl2[ in our oscillator 
formulation. Because identity state |/) is not identity as was shown in §2.5| , we have 
|(co/) * /) 7^ Co|/) consistently. Eq. fpTf ) also follows from the fact 

(4'^ + 4') + 4'))|y3) = 0, co\I^A) = \I^{coA)), yA (98) 

which we can check from eqs.(p2| 



5 Discussion 

In this paper we have constructed some squeezed states \n^^ri) with parameters ^,77 which 
correspond to wedge states in matter part. They satisfy rather simple algebra with respect 
to the reduced -k"^ product which we introduced for convenience. We have also obtained the 
•k product formula between them in the Siegel gauge. 

For ghost squeezed states, the product formulas are very similar to those in matter 
part, but the * product is a little complicated by ghost zero mode. In these calculations, the 
algebras which Neumann coefficients satisfy are essential. We have shown them first with 
some review for self-contained. 

By applying our formulations to VSFT, we have obtained some solutions of equation of 
motion which are expressed by the ghost identity and sliver like states. To get some physical 



implications, we should examine these solutions as was done for a particular solution in [|13 
It is a future problem to discuss physical spectrum around these solutions, potential hight 
and so on. We hope that our techniques will be helpful to get solutions of original Witten's 
string field theory and analyze them. 

Although we have used oscillator representation consistently and performed algebraic 
calculations only, it is also important to interpret them in the CFT language to obtain 
geometrical meaning of our treatment in ghost part. 

We noted that the identity state |/) is not identity with respect to the -k product by 
straightforward calculation. We can also show that associativity of the -k product is broken 
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generally by calculating 26(^2] V3)456 1^^)312 straightforwardly although the reduced -k'^ product 
satisfies associativity. This comes from Neumann coefficients X^q which are related to ghost 
zero mode. This problem which is inconsistent with naive consideration about connection 
condition was known as associativity anomaly. ||14|| It is subtle but important problem to 
discuss Witten type string field theory rigorously and consistently.[] It is a future problem 
to investigate this issue more seriously. 
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A Conventions 



Here we list up our conventions. 

Mode expansion in matter part (/U = 1, ■ " " ^d): 



X^(or) = + V2^x^cosri(T = x^ + 2V2^^- 

n=l n=l 
\ n=l / \ n=l 



— cosrifj, 



^l^lu{,Oi'^ + a''_^) cos na 



(99) 



Matter nonzero mode {n > 1): 



x; 



2n 



Matter zero mode: 



2a'{a'^ - aj^), po^ = ^=^mi'« + K,Poi.] = ^^y, K, 41 = V^'' ■ (101) 

A / )r\i' 



2 



< + «r), K.v^A=i5n,mK- (100) 



It was not necessary to consider associativity of the product in this paper because we discussed only 
equation of motion. 
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Mode expansion of be ghost : 

oo oo 
(<t)= J2 ^'^(^)= {Cn,bm} = Sn+mfi- (102) 



C 



B Some formulas 

Here we collect some useful formulas which we often use in calculations. 
B.l Gaussian integral 

We can prove useful formulas for oscillators by using coherent state and performing Gaussian 
integral. 

For bosonic oscillator a„,a|j and Fock vacuum |0) : 

[am,ai] = 6mn, a„|0) = 0, (103) 

we get a formula 

exp QaMa + exp (^a^Na^ + /ia"^^ |0) 

^ : exp (1\N{1 - MNY^X + \iiM{l - NM)-^fi + A(l - NM)-^fi 



{\N + /i)(l - MN)-^a^ + ^a^N{l - MNY^a) ] |0), (104) 



^dei{l-MN) V2 2 
• exp 

where M, are symmetric matrices. 

For fermionic oscillator^ 6„, c„, fej^, cj^ and Fock vacuum |+)g : 

{hm, 4} = 5mn, {Cm, = ^mn, C„|+)g = hn\+) G = 0, (105) 

we get0 

exp (bMc + bX + /ic) exp [b^Nc^ + b^^ + rjc^) \+)g 

= det(l + MN) exp ((/i - r]M){l + NM)-^^ - {^iN + r/)(l + MN)-^X) 
■ exp {b^l + NMy\~NX + + if^N + r/)(l + MA^)-^c"^ + 6"^A^(1 + MN)-^c^) \+)g, 

(106) 

where M, N are Grassmann even and X, ^,^,1] are odd. 



We often use the notation : 6_„ — c_„ = cjj, n > 1. 
Note that this formula contains no 60 , cq . 
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B.2 Coherent states for 6c-ghost 



In our concrete calculations which contain both be ghost nonzero and zero modes, it is useful 
to insert completeness formula for coherent states. 

Coherent states of nonzero mode: 



bn\0=en\0, {^\bi={^\^n, 0^^10=00, (^Icl. = (^IC (107) 

Coherent state of zero mode: 

coieo) = eoieo), (eoi^o = (Coieo- (los) 

Completeness formula: 

1 = J «rfe^c^eoie,eo)e-«"«'-«"«^-«"°«°(e,eo|. (109) 
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